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Abstract
Let r, s be positive integers with r > s, k a nonnegative integer, and n = 2r − s + k. A uniform subset graph G(n, r, s) is a
graph with vertex set [n]r and where two r -subsets A, B ∈ [n]r are adjacent if and only if |A ∩ B| = s. Let diam(G) denote the
diameter of a graph G.
In this paper, we prove the following results: (1) If k > 0, then diam(G(n, r, s)) = d r−s−1s+k e + 1 if r ≥ 2s + k + 2, 2 if k ≥ s
and 2s ≤ r ≤ s + k, or k < s and s + k ≤ r ≤ 2s, and 3 otherwise; (2) If k = 0, then diam(G(n, r, s)) = d r−1s e. This generalizes
a result in [M. Valencia-Pabon, J.-C. Vera, On the diameter of Kneser graphs, Discrete Math. 305 (2005) 383–385].
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Suppose that r and s are positive integers, k is a nonnegative integer with r > s, and n = 2r − s + k. We simply
write [n] = {1, 2, . . . , n}, and let [n]r denote the set of all r -subsets of [n]. A uniform subset graph G(n, r, s) is a
graph with [n]r as vertex set and where two r -subsets A, B ∈ [n]r are adjacent in the graph if and only if |A∩ B| = s.
When s = 0, a uniform subset graph is a well-known Kneser graph, denoted by K (n, r).
Uniform subset graphs are a generalization of Kneser graphs. Chen and Lih [3] first introduced this concept and
studied their Hamiltonian property. Some special uniform subset graphs having a Hamilton cycle were also considered
in [13]. Paths, cycles, dominating sets, various chromatic numbers and other parameters on Kneser graphs have been
investigated extensively, see [4,5,10–12].
Let G be a connected graph and u, v ∈ V (G). The distance between u and v, denoted by dist(u, v), is the length of
a shortest path connecting them in G. The diameter of G, denoted by diam(G), is defined to be the maximum distance
between any pair of vertices in G, i.e., diam(G) = maxu,v∈V (G) dist(u, v). Quite a few interesting results about
the diameter of graphs have been obtained in the past years [1,2,7–9]. More recently, Valencia-Pabon and Vera [14]
completely determined the diameter of Kneser graphs by showing the following:
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Theorem 1 ([14]). Let r and k be positive integers. Let K (n, r) be a Kneser graph with n = 2r + k. Then
diam(K (n, k)) =
⌈
r − 1
k
⌉
+ 1.
A generalized Kneser graph K (n, r, s) is a graph with [n]r as vertex set and where two r -subsets A, B ∈ [n]r are
adjacent in the graph if and only if |A ∩ B| ≤ s. Obviously, a uniform subset graph G(n, r, s) is a subgraph of the
generalized Kneser graph K (n, r, s). The first author of this paper and Wang [6] proved the following two results:
Lemma 2 ([6]). Let r, s, k be positive integers with r > s. Let G(n, r, s) be a uniform subset graph with n = 2r−s+k.
Let S denote the set of all the pairs (A, B) with A, B ∈ [n]r and |A ∩ B| > s. Then
max
(A,B)∈S
dist(A, B) =

⌈
r − s − 1
s + k
⌉
+ 1 if 0 < k < r − 2s − 1;
2 otherwise.
Lemma 3 ([6]). Let G(n, r, s) be a uniform subset graph with k = 0. If A, B ∈ [n]r such that |A∩ B| = x > s, then
dist(A, B) = min
{
2
⌈
r − x
s
⌉
, 2
⌈
x − s
s
⌉
+ 1
}
.
In this paper, we characterize the diameter of uniform subset graphs G(n, r, s). The main results are as follows:
Theorem 4. Let r, s, k be positive integers with r > s. Let G(n, r, s) be a uniform subset graph with n = 2r − s + k.
Then
diam(G(n, r, s)) =

⌈
r − s − 1
s + k
⌉
+ 1 if r ≥ k + 2s + 2;
2 if k ≥ s and 2s ≤ r ≤ s + k, or k < s and s + k ≤ r ≤ 2s;
3 otherwise.
Theorem 5. Let r and s be positive integers with r > s. Let G(n, r, s) be a uniform subset graph with n = 2r − s.
Then
diam(G(n, r, s)) =
⌈
r − 1
s
⌉
.
2. The proof
In what follows, we always assume that r, s are positive integers with r > s, k is a nonnegative integer, and
n = 2r − s + k. Let G(n, r, s) be a uniform subset graph. For A, B ∈ [n]r , a path P in G(n, r, s) connecting A and
B is called a (A, B)-path. For a subset S ⊆ [n], we use S to represent the complement of S in the set [n].
Theorem 6. Let r, s be positive integers with r > s. Let G(n, r, s) be a uniform subset graph with n = 2r − s. Let S
denote the set of all the pairs (A, B) with A, B ∈ [n]r and |A ∩ B| > s. Then
max
(A,B)∈S
dist(A, B) =
⌈
r − 1
s
⌉
.
Proof. Let (A, B) ∈ S. Then A, B ∈ [n]r and |A ∩ B| = x > s by definition. Moreover, |A ∪ B| =
|A| + |B| − |A ∩ B| = 2r − x, |A ∪ B| = n − 2r + x = x − s, and |A\B| = |B\A| = r − x . The proof is
divided into the following cases, depending on the relations among r and s:
Case 1. r ≤ 2s + 1.
Choose X ⊆ A∩B with |X | = s−(r−x) and Y ⊆ A ∪ B with |Y | = x−s. Let C = (A\B)∪(B\A)∪X∪Y . Since
r ≤ 2s+1 and x > s, |X | = s− (r− x) = s+ x−r ≥ 2s+1−r ≥ 0 and |Y | = x− s > 0. Thus, X, Y , and hence C ,
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are well defined. It is easy to compute that |C | = 2(r−x)+(s−(r−x))+(x−s) = r and |C∩A| = |C∩B| = s. This
means that C ∈ [n]r and C is adjacent to both A and B in G(n, r, s). Therefore, dist(A, B) ≤ 2. On the other hand, as
|A ∩ B| = x > s, A is not adjacent to B in G(n, r, s), implying that dist(A, B) ≥ 2. Consequently, dist(A, B) = 2.
Since (A, B) ∈ S are arbitrary, we derive max(A,B)∈S dist(A, B) = 2.
Case 2. r ≥ 2s + 2.
Define three functions g(x) = 2d r−xs e, h(x) = 2d x−ss e + 1, and f (x) = min{g(x), h(x)}. By Lemma 3,
max
(A,B)∈S
dist(A, B) = max
x∈{s+1,...,r−1}
f (x).
To complete the proof, it is enough to show that
max
x∈{s+1,...,r−1}
f (x) =
⌈
r − 1
s
⌉
.
Let r − 1 = (2q + 1 + )s + y, where q ≥ 0,  ∈ {0, 1} and 0 < y ≤ s. Clearly, d r−1s e = 2q +  + 2. Now,
let x0 = (q +  + 1)s. If x ≤ x0, then f (x) ≤ h(x) ≤ h(x0) = 2q + 2 + 1 ≤ 2q +  + 2. If x > x0, then
f (x) ≤ g(x) ≤ g(x0 + 1) = 2q + 2 ≤ 2q +  + 2. Thus we always have
max
x∈{s+1,...,r−1}
f (x) ≤
⌈
r − 1
s
⌉
.
Conversely, we consider two cases as follows:
If  = 0, then we take a special value x∗ = (q+ 1)s+ y. It is easy to see that g(x∗) = 2q+ 2 and h(x∗) = 2q+ 3.
Thus, f (x∗) = g(x∗) = d r−1s e.
If  = 1, then we take x∗ = (q + 1)s + 1. Noting that g(x∗) = 2q + 4 and h(x∗) = 2q + 3, we conclude that
f (x∗) = h(x∗) = d r−1s e.
Therefore, the following inequality holds:
max
x∈{s+1,...,r−1}
f (x) ≥
⌈
r − 1
s
⌉
. 
Theorem 7. Let r, s, k be positive integers with r > s. Let G(n, r, s) be a uniform subset graph with n = 2r − s + k.
Let F denote the set of all the pairs (A, B) with A, B ∈ [n]r and |A ∩ B| < s. Let φ(F) = max(A,B)∈F dist(A, B).
Then
φ(F) =
{
2 if k ≥ s and 2s ≤ r ≤ k + s, or k < s and k + s ≤ r ≤ 2s;
3 otherwise.
Proof. Let (A, B) ∈ F , that is, A, B ∈ [n]r and |A ∩ B| < s. We first observe that dist(A, B) ≥ 2, since A is not
adjacent to B in G(n, r, s). This implies that φ(F) ≥ 2.
Conversely, the proof is divided into the following cases.
Case 1. k ≥ s.
In this case, n = 2r − s + k ≥ 2r . We have some subcases.
Case 1.1. r < 2s.
To show that φ(F) ≥ 3, we only need to choose a special pair (A∗, B∗) ∈ F such that |A∗ ∩ B∗| = 0 < s. We
claim that dist(A∗, B∗) ≥ 3, thus φ(F) ≥ dist(A∗, B∗) ≥ 3 by definition. Assume to the contrary that there exists a
(A∗, B∗)-path A∗C∗B∗ of length 2. It follows from A∗∩B∗ = ∅ that r = |C∗| ≥ |A∗∩C∗|+|B∗∩C∗| = s+s = 2s,
which contradicts the assumption that r < 2s.
To show that φ(F) ≤ 3, it suffices to prove that, for each pair (A, B) ∈ F , we have dist(A, B) ≤ 3. We write
|A∩ B| = x , so 0 ≤ x < s. Define C = X ∪Y , where A∩ B ⊂ X ⊆ A with |X | = s and Y ⊆ B \ A with |Y | = r− s.
It is easy to see that C ∈ [n]r , |A∩C | = s and |B∩C | = r − s+ x . In particular, C is adjacent to A in G(n, r, s). If C
is also adjacent to B in G(n, r, s), i.e., r−s+x = s, then dist(A, B) ≤ 2. Thus, suppose that |B∩C | = r−s+x 6= s.
Assume that r− s+ x > s. Take X ⊆ B∩C with |X | = s, Y ⊆ B ∪ C with |Y | = r− s, and set E = X ∪Y . Since
r−s+x > s and |B ∪ C | = n−|B∪C | = (2r−s+k)−(2r−(r−s+x)) = r−2s+k+x ≥ r−s+x ≥ r−s, X, Y ,
and hence E , are well defined. Noting that E ∈ [n]r and ACEB is a (A, B)-path of length 3 in G(n, r, s), we have
dist(A, B) ≤ 3.
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Assume that r − s + x < s. Take E = X ∪ Y ∪ Z , where B ∩ C ⊂ X ⊆ C with |X | = s, B ∩ C ⊂ Y ⊆ B with
|Y | = s, and Z ⊆ B ∪ C with |Z | = 2r − 3s + x . Since k ≥ s and r < 2s, we have |B ∪ C | = r − 2s + k + x ≥
r − s + x = (2r − 3s + x) + (2s − r) > 2r − 3s + x . Thus, X, Y, Z , and hence E , are well defined. Since
|E | = s + s + (2r − 3s + x) − (r − s + x) = r , E ∈ [n]r and ACEB is a (A, B)-path of length 3 in G(n, r, s).
Therefore, dist(A, B) ≤ 3.
Case 1.2. 2s ≤ r ≤ s + k.
Suppose that (A, B) ∈ F such that |A ∩ B| = x < s. Take C = X ∪ Y ∪ Z , where X ⊆ A \ B with |X | = s,
Y ⊆ B \ A with |Y | = s, and Z ⊆ A ∪ B with |Z | = r−2s. Note that |A \ B| = |A|− |A∩ B| = r− x ≥ 2s− x ≥ s,
similarly |B \ A| ≥ s, and |A ∪ B| = k + x − s ≥ r − 2s + x ≥ r − 2s. These facts imply that C is well defined,
C ∈ [n]r , and ACB is a (A, B)-path of length 2. Thus, dist(A, B) ≤ 2.
Case 1.3. r > s + k.
First, we choose a special pair (A∗, B∗) ∈ F such that |A∗ ∩ B∗| = 0. If there is a (A∗, B∗)-path A∗C∗B∗
of length 2 in G(n, r, s), then |A∗ ∩ C∗| = |B∗ ∩ C∗| = s and |(A∗ ∪ B∗) ∩ C∗| = r − 2s. However,
|(A∗ ∪ B∗) ∩ C∗| ≤ |A∗ ∪ B∗| = n − |A∗ ∪ B∗| = n − (|A∗| + |B∗|) = (2r − s + k)− r − r = k − s < r − 2s as
r > s + k, deriving a contradiction. Thus, dist(A∗, B∗) ≥ 3, and furthermore φ(F) ≥ 3.
Next, suppose that (A, B) ∈ F is an arbitrary pair with |A ∩ B| = x < s. Let C ∈ [n]r such that |A ∩ C | =
s, |B∩C | = r−s+x , and A∩B ⊆ C . Since r > s+k and k ≥ s, we derive r−s+x > s+k−s+x = k+x ≥ s+x ≥ s.
Moreover, |B ∪ C | = n− |B ∪C | = (2r − s + k)− (2r − (r − s + x)) = r − 2s + k + x ≥ r − s + x ≥ r − s. Now,
we may take E = X ∪ Y , where X ⊆ B ∩ C with |X | = s and Y ⊆ B ∪ C with |Y | = r − s. It is easy to verify that
ACEB is a (A, B)-path of length 3 in G(n, r, s). Therefore, dist(A, B) ≤ 3.
Case 2. k < s.
In this case, n = 2r − s + k < 2r and, for any (A, B) ∈ F , we have |A ∩ B| = x ≥ s − k > 0. This fact will be
frequently used in the following proof.
Case 2.1. r < s + k.
Suppose that (A∗, B∗) ∈ F such that |A∗ ∩ B∗| = s − k. Then |A∗ ∪ B∗| = n − |A∗ ∪ B∗| = (2r − s +
k) − (r + r − (s − k)) = 0. If there exists C∗ ∈ [n]r that is adjacent to both A∗ and B∗ in G(n, r, s), then since
|A∗ ∩C∗| = |B∗ ∩C∗| = s, we have r = |C∗| ≥ |A∗ ∩C∗| + |B∗ ∩C∗| − |A∗ ∩ B∗| = s+ s− (s− k) = s+ k > r ,
which is a contradiction. This shows that dist(A∗, B∗) ≥ 3. Thus, φ(F) ≥ 3.
Let (A, B) ∈ F with |A∩B| = x < s. Obviously, |A ∪ B| = n−|A∪B| = (2r−s+k)−(2r−x) = k+x−s ≥ 0.
In order to prove that dist(A, B) ≤ 3, we first take C ∈ [n]r satisfying |A∩C | = s, |B∩C | = r−s+x , and A∩B ⊆ C .
Since x ≥ s − k, |B ∪ C | = n − |B ∪ C | = (2r − s + k)− (2r − (r − s + x)) = r − 2s + k + x ≥ r − s.
If r − s + x = s, then ACB is a (A, B)-path of length 2 in G(n, r, s). Thus, dist(A, B) ≤ 2.
If r − s + x > s, we take E = X ∪ Y , where X ⊆ B ∩C with |X | = s and Y ⊆ B ∪ C with |Y | = r − s. It is easy
to see that ACEB is a (A, B)-path of length 3 in G(n, r, s). Thus, dist(A, B) ≤ 3.
If r − s + x < s, we take E = X ∪ Y ∪ Z , where B ∩ C ⊂ X ⊆ C with |X | = s, B ∩ C ⊂ Y ⊆ B with
|Y | = s, and Z ⊆ B ∪ C with |Z | = 2r − 3s + x . Since r < s + k, |B ∪ C | = r − 2s + k + x ≥ 2r − 3s + x . Since
|X ∩ Y | = |B ∩ C | = r − s + x , |E | = |X | + |Y | + |Z | − |X ∩ Y | = s + s + (2r − 3s + x)− (r − s + x) = r . So,
E ∈ [n]r and ACEB is a (A, B)-path of length 3 in G(n, r, s). Thus, dist(A, B) ≤ 3.
Case 2.2. s + k ≤ r < 2s.
Let (A, B) ∈ F with |A∩ B| = x < s. We take C = X ∪ Y ∪ Z , where X ⊆ A∩ B with |X | = 2s− r , Y ⊆ A \ B
with |Y | = r − s, and Z ⊆ B \ A with |Z | = r − s. Since r ≥ s + k, |A ∩ B| = x ≥ s − k ≥ 2s − r . Since x < s,
|A\B| = |B\A| = r−|A∩B| = r−x > r−s. Moreover, it is straightforward to see that |C | = 2s−r+2(r−s) = r .
These facts imply that C ∈ [n]r and ACB is a (A, B)-path of length 2 in G(n, r, s). Thus, dist(A, B) ≤ 2.
Case 2.3. r = 2s.
Suppose that (A, B) ∈ F with |A∩B| = x < s. Take C = X∪Y , where X ⊆ A\B, Y ⊆ B\A, and |X | = |Y | = s.
Thus |A ∩ C | = |B ∩ C | = s and |C | = |X | + |Y | = 2s = r so that ACB is a (A, B)-path of length 2 in G(n, r, s).
Therefore, dist(A, B) ≤ 2.
Case 2.4. r ≥ 2s + 1.
Suppose that (A∗, B∗) ∈ F such that |A∗∩B∗| = s−k. Similar to the proof in Case 2.1, we have |A∗ ∪ B∗| = 0. If
there exists C∗ ∈ [n]r such that A∗C∗B∗ is a (A∗, B∗)-path of length 2 in G(n, r, s), then |A∗∩C∗| = |B∗∩C∗| = s,
and |A∗ ∪ B∗| ≥ |(A∗ ∪ B∗) ∩ C∗| ≥ r − |A∗ ∩ C∗| − |B∗ ∩ C∗| = r − 2s ≥ 1. We arrive at a contradiction. Thus,
dist(A∗, B∗) ≥ 3 and therefore φ(F) ≥ 3.
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Conversely, for any (A, B) ∈ F with |A ∩ B| = x < s, we choose C ∈ [n]r such that A ∩ B ⊆ C, |A ∩ C | = s
and |B ∩ C | = r − s + x . Afterward, we define E = X ∪ Y , where X ⊆ B ∩ C with |X | = s and Y ⊆ B ∪ C with
|Y | = r − s. Note that |B ∩C | = r − s+ x ≥ 2s+ 1− s+ x = s+ 1+ x > s, and |B ∪ C | = r − 2s+ k+ x ≥ r − s
since x ≥ s − k. It follows that ACEB is a (A, B)-path of length 3 in G(n, r, s). Thus, dist(A, B) ≤ 3.
The proof of Theorem 7 is complete. 
Theorem 4 follows from Lemma 2, Theorem 7, and the following facts (1) and (2):
(1) If k = 0, then diam(G(n, r, s)) ≥ 2 by the definition of G(n, r, s);
(2) If r ≥ 2s + k + 2, then it is easy to derive that d r−s−1s+k e + 1 ≥ 3 and thus diam(G(n, r, s)) = d r−s−1s+k e + 1 by
Lemma 2 and Theorem 7.
When k = 0 and n = 2r − s, it is easy to notice that, for any pair of A, B ∈ [n]r , we have |A∩ B| ≥ s. Theorem 5
follows from Theorem 6 and the following fact (3):
(3) If r = s + 1, then G(n, r, s) is a complete graph and hence diam(G(n, r, s)) = 1.
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